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Abstract 

The radiation from a relativistic electron uniformly rotating along an orbit in the 
equatorial plane of a dielectric ball was calculated taking into account the dielectric 
losses of energy and dispersion of electromagnetic oscillations inside the substance 
of ball. It was shown that due to the presence of ball the radiation from the particle 
at some harmonics may be several dozens of times more intense than that from 
the particle rotating in an infinite homogeneous (and transparent) dielectric. The 
generation of such a high power radiation is possible only at some particular values 
of the ratio of ball radius to that of electron orbit and when the Cherenkov condition 
for the ball material and the velocity of particle ’’image” on the ball surface is met. 

PACS: 41.60.Bq; 41.60Ap 
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1 Introduction 

Dne to snch nniqne properties as the high intensity, high degree of collimation, and wide 
spectral range (see PIH! and references therein) Synchrotron Radiation (SR) serves as 
an extraordinary research tool for advanced stndies in both the fnndamental and applied 
sciences. These applications motivate the importance of analyzing varions controlling 
mechanisms of SR parameters. From this point of view it is of interest to stndy the 
influence of medium on SR. 

The characteristics of high-energy electromagnetic processes in the presence of material 
are essentially changed by giving rise to new phenomena such as Cherenkov Radiation 
(CR) m-i, transition radiation unmn, parametric X-ray radiation, channeling radiation 
etc. The operation of a number of devices intended for production of electromagnetic 
radiation is based on interactions of relativistic electrons with matter (see, e.g., lED- 
In [IBI (see also [11110]) it was shown based on the consideration of SR from a charged 
particle circulating in a homogeneous medium, that the interference between SR and CR 
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had interesting conseqnences. New interesting phenomena occnr in case of inhomogeneous 
media. A well-known example here is the transition radiation. In particular, the inter¬ 
faces between media can be used for monitoring the flows of radiation emitted in various 
systems. In a series of papers initiated in ra-ini the cases of simplest geometry bound¬ 
aries, namely, the boundaries with spherical da cni im cni and cylindrical ca.ra-ra 
symmetries, have been investigated. As a result, nontrivial peculiarities of CR induced 
at such boundaries were revealed. E.g., in daiin] the spectral distribution of radiation 
intensity from a relativistic particle uniformly rotating about (or inside) a dielectric ball, 
in its equatorial plane was investigated. It was shown that under certain conditions the 
presence of ball leads to an interesting effect, - at a dehnite frequency (harmonic) the 
rotating particle radiates energy greater by few orders of magnitude than that in a con¬ 
tinuous and unbounded dielectric. However, in dHiiin] the phenomena of absorption and 
dispersion of electromagnetic waves were not taken into account. The present paper is 
meant to £11 that gap. 

It is organized as follows: in Section |21 the description of problem is given, in Section 
El the method of solution is described and the final analytical expression for intensity of 
radiation from a relativistic particle rotating about a ball is given. Numerical results are 
presented in Section E] and the main results are summarized in the last section of paper. 

2 The description of the problem 

Now consider a relativistic particle (electron), which uniformly rotates in a magnetic field 
around a dielectric ball, in its equatorial plane. We shall restrict ourselves to the simplest 
case, when the space outside of the ball is empty. In the case under consideration the 
permittivity 


£ (r) = (1 - Eb) 0(r- Vb ), (1) 

where is the ball radius, Sb = e[ + ie'l is the permittivity of ball material (in general, 
it is a complex-valued quantity), and 0 is a unit step function (the origin of a spherical 
coordinates system is located at the center of ball). The density of electrical current 

- re)S{e - ^)6{ip - (Jot), ( 2 ) 

where is the electron orbit radius {ve > Vb), and v = TgUo is the linear velocity of 
electron, 9 = n/2 corresponds to the equatorial plane of ball. 

The uniform rotation of electron is accompanied by radiation at discrete frequencies 
(harmonics) 

(Jk = k(Jo, (3) 

where k = 1; 2; 3... We assume that the electron braking due to the radiation is compen¬ 
sated by an external (e.g., electrical) force driving the particle to move uniformly around 
a circle. The intensity Ik of radiation averaged over a gyration period is determined by 
the expression j23] 

h = T^limr^ / |V x A{r,Uk)\‘^ dH (4) 

ZTTT^oo / 
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(f2 is the spatial angle). The Fourier transform 


1 

A{r,Uk) = 


exp{ikuJot)dt 


of the vector potential is determined by equation 


(A + ^^£)A--(V£)V-A = -—j 

e c 


(5) 

( 6 ) 


(see, e.g., uni, the permeability of substance being assumed to be 1) under Lorenz gauge 
condition: 

V ■ A — ie—ilj = 0, (7) 

c 

where 'ijj{r,LJk) is the time component of electromagnetic held 4-potential. 

It is convenient to introduce a dimensionless quantity 


T Ik/kiiJk — 


( 8 ) 


where TIk is the energy radiated at frequency ujk during one period of electron rotation, 
and huJk is the energy of corresponding quantum of electromagnetic wave. As a result, 
the total energy Wt radiated in time T is determined by the expression 


WT = '^nkhwk. (9) 

k=l 


If all space is hlled with transparent material with real and constant £, then [Oj 


Uk (oo; V, e) 



2/3V;, (2kp) + (13^- - 1) 


-2A;/3 


J 2 k {x) dx 


( 10 ) 


where 

no = 27re^/hc = 0.0459, (3 = vy/e/c, (11) 

and Jk {x) is the Bessel function of integer order. In this formula the case of e = 1 
corresponds to synchrotron radiation in vacuum (see, e.g., OH]L 

We aim at the solution of equation (jH} subject to condition that e{r) is determined 
by equation (HD- Then, using 0 and (jHl), we shall try to hnd the values of and Sb 
(parameters of the ball), at which the number n^ (ball; v, r^/re, et) of quanta generated by 
the rotating particle is maximum. 


3 The method of calculations and the final formula 

An arbitrary vector held S can be expanded in terms of spherical vectors: 

3 C30 I 

s("') = E E E ( 12 ) 


where 


/i=l /=0 m=—l 


SjrM = j X,t>- . S(r)£iSl, 


(13) 
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and are spherical vectors of longitudinal (/i = 1 ), electric (/i = 2 ) and magnetic 
{fi = 3) types PT)] : 


X 

X 


( 1 ) 

Im 

( 2 ) 

Im 


a//(/ + 1 ) 


/ = 0, 1, 2 ..., n = r/r 


v(3) _ 


n X Vn 

\/l{l + 1 ) 


1 "/ 


lmi 


v( 2 )__n 

^00 ~ ^00 ~ U . 


(14) 


The operator 

Vn = r(V - na/9r) = 60 ^ +(15) 

oO sin 0 d(p 

acts on the n-dependent functions, and Yim{^) are spherical harmonics satisfying the 
equation 

^n^lm = + l)Vzm, (16) 


where An = Vn ■ Vn is the angular part of Laplacian. 

According to the determination of S(r) = A(r) reduces to hnding the quantity 
that is independent of hi = {9,(p) (for simplicity here and in what follows is 
omitted in S(r,a;fc) and analogous quantities). The calculation of A^J^{r) is simplihed due 
to the spherical symmetry of ball. Really, 


3 OO l\ 

u=l Zi=0mi=-q 

Such a writing of the solution of equation © is convenient because it permits to hnd a 
radiation field for an arbitrary current j, provided that the Green Function (GF) of 
electromagnetic field is known. By direct substitution of (ED, ED and (HD into (j^D one 
can make sure that for spherically symmetric medium 

G^y (^r, r'; Im, hmi^ = Sii^6mmiGf,y (^r, r'; /j (18) 

(GF is ’’dioganal” in I, m and does not depend on m). Thus, in our case G^y is a 3x3 
matrix depending only on r, r and 1. This fact considerably simplihes the calculations. 
The problem is aggravated by the fact that in (jHD the delta function 

^ = (l-e,)^(l-r,) (19) 

is entered. A rather simple and visual method of GF evaluation in similar situations may 
be obtained in 123 (see also ESI). The efficiency of method is due to the transition from 
the differential equation for GF to a relevant Lipmann-Schwinger type integral equation. 
Owing to the presence of delta function in (EDi the Lipmann-Schwinger type integral 
equation is transformed into an easily solved algebraic equation, and the problem of eval¬ 
uation is reduced to the solution of an ’’auxiliary” differential equation without the delta 
function. In ESI. GF of an electromagnetic field in the medium consisting of an arbitrary 
number of spherically symmetric layers with common center and various permittivities 
was determined by means of this same method. Also in ESI a corresponding formula for 
intensity of radiation from a charged particle arbitrarily moving in a layered spherically 
symmetric medium was derived. The developed method was verified for known particular 
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cases of the motion of charged particle (i) in a homogeneous medium and (ii) through 
a flat boundary between two homogeneous media (transition radiation). In |l(i[ ITH] the 
problem on radiation from a particle uniformly rotating about a dielectric ball in its equa¬ 
torial plane is solved. In particular cases the derived analytical expressions coincide with 
the results known earlier 13123]. The radiation from an electron uniformly rotating along 
an orbit in the equatorial plane inside dielectric ball was studied in |19j . 

In the absence of absorption and ionization losses, the work of external force resisting 
the braking of particle motion should be equal to the radiated energy. The radiated energy 
was calculated also by means of this method HHiiini. The coincidence of obtained results 
served as an indirect conhrmation of the correctness of calculations. 

Below we give only the hnal formula for the number of quanta generated from a 
relativistic particle during one revolution about a dielectric ball: 

Ufc (ball; V, x, £b) = {\akE{s)f + \akH {s)f) (20) 


Here x = r^/re, and 


akE{s) = kbi {E) Pt (0) - k)\/l (/ + 1) {21 + !)(/ + k)\, l = k + 2s 

, / = A: + 2s + 1 (21) 

y=0 

are dimensionless amplitudes describing the contributions of multipoles of electric {E) and 
magnetic {H) types respectively. In (ET]l Pj^iy) are the associated Legendre polynomials, 
and hi (E ), hi (H) are the following factors depending on k, v, x and Eb- 


cikH (s) = hi {H) 


'(2/ + 1) {I - k)\ dPl^ (y) 
/(/ + !)(/ +A:)! dy 


kiH) = lu 


Ji W 


hi (u) 


{ji (xub) ,ji (xu)}^ 


u = ky/c^ Ub = fcv-y/ife/c 


{ii {xub),hi [xu)}^ 

hi {E) = {l + l) bi_i {H) - Ibi+i {H) + x~^ (1 - Eb) [ji^ {xub) + Jm {xub)] x 
^ lu . ^ M + 1) UbJi (xUb) 


( 22 ) 


-i+i 


where hi (y) = ji {y)+ini (y), and ji {y), n; (y) are spherical Bessel and Neumann functions 
respectively. In (I22D we use the following notations 


{a{xa),b{x/3)}^ = 

= fi{x) / {ji{xub) ,hi{xu)}^ 


(23) 




_ uji, (xUb) hi (xu) Eb - Ubjl (xUb) K {xu) 


uju (xUb) hi {xu) - Ubjl (xUb) K {xu) 

Remember that the space outside the ball is empty and a; < 1. The derivation of (1201) is 
given in unj. 

In case of x = 0 and/or Eb = 1 


hi{H) = iuji{u), hi{E) = i{2l + l)[uj[{u) + ji{u)], (24) 

and therefore, naturally, Uk does not depend on x. Numerical calculations by means of 
formulas ( 1201 ) and m give the same result in case oi Eb = e = 1\ 

Uk (ball; = 1) = Uk (oo; £ = 1) [= Uk (vac)]. (25) 
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4 Results of numerical calculations 

Let us consider the radiation generated by electron at some harmonic = kujQ, e.g., at 

k = 8. 



X 


Figure 1: The number nk{x) of electromagnetic held quanta generated per one revolution 
of electron about a dielectric ball versus the ratio x = r^/re of the ball radius to that of 
electron orbit. nk{x) is calculated by formula (EDI). The electron energy E^. = 2MeV, the 
radius of orbit Vg = 3.69cm, the harmonic number k = 8. The radiation was emitted 
respectively at the wavelength of 3cm (in vacuum). The dielectric losses of energy inside 
the ball material (melted quartz) were taken into account. For explanations see the text. 

Plotted in Fig. ^ along the axis of ordinates is the number rig of emitted quanta, 
and along the abscissa - the radius of ball, or to be more precise, - the ratio x = 
of ball-to-electron orbit radii. The particle energy and radius of particle orbit are hxed 
at values E^. = 2MeV and Ce = 3.69cm respectively. For these values of E^. and Ce, 
corresponding to the 8-th harmonic is the radiation at frequency uj^/2tt = and 

wavelength Ag = 3cm (in vacuum). The calculations were carried out by using formula 
(EHD under the assumption that the ball is made of melted quartz taking into account the 
dielectric losses of energy and dispersion of electromagnetic waves inside the ball material: 

Eb = e'b (a;) + iel (cn) (26) 

(for melted quartz ej, (cug) = 3.78, and the dielectric loss angle tangent e'l (cug) /e'^ (cug) = 

0.0001 EHE^)- 

According to m), the number of quanta emitted at the 8-th harmonic by electron 
with the same values of Eg and at the rotation in a continuous, inhnite and transparent 
medium with e = 3.78 would have been ng (oo) = 0.0274 ~ uq (see the horizontal dashed 
line in Fig. Q). It is easy to see that if the electron did not rotate, but moved 

rectilinearly with energy Eg = 2MeV in the same inhnite medium, then during the 
period of time T = 27r/a;o it would emit 

Aw (oo) = (v/c — c/ve) no = 0.0318 (27) 
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quanta in narrow frequency band Au = ujq. It is evident that ttao; (oo) ~ ug (oo). In 
the absence of ball one has to substitute x = 0 (and/or = 1) in (EDI)- However, 
in this case owing to it is simpler to use formula m with e = 1. As a result 
ng (vac) = 0.00475 ~ , where k = 8. 

According to data given in Fig. [H rig (x) ~ rig (vac) practically for all x except for 
0.8 < X < 0.85 and 0.95 < x < 1. In each of these ranges there are peaks. In the second 
range the heights of peaks are greater than ng (vac) and ng (cxd) by many times. For the 
highest peak 

x* = 0.9815, ng (ball; X*) ^ 0.951, ng (6a//; x*)/ng (cx)) ^ 35. (28) 

The corresponding value of ball radius Vb = 3.62cm and, consequently, the distance be¬ 
tween the rotating electron and the ball surface should be — rb = 0.7mm. Apparently, 

ng (vac) << nAo; (oo) ~ ng (cx)) << ng (ball; x*). (29) 

Similar results are obtained for a series of other values of /c >> 1, as well as for 
electrons with energies 1 < Ef. < 5MeV and balls with 1 < < 5 and « 1. In all 

these cases the following condition 

v^y^/ol (30) 

is satisfied. Here v* = x*v= rbUjQ. Hence, a high power radiation with ng (x*) >> ng (cx)) 
is possible only for particular values of x = r^/re and when the Cherenkov condition for 
velocity of particle ’’image” on the ball surface and the real part of the permittivity of 
ball material is satisfied. 


5 Conclusion 

In the present paper the radiation from a relativistic electron at uniform rotation about 
a dielectric ball has been studied with due regard for dispersion and dielectric losses of 
energy inside the ball material. Here, in addition to the synchrotron radiation the electron 
may also generate Cherenkov radiation. Its appearance is attributed to the fact that the 
electromagnetic field coupled with electron partially penetrates the ball and rotates with 
the particle. In case of small distance between the relativistic particle and the ball surface, 
Te ~ Vb, this held can propagate with a speed larger than the phase speed of light inside 
the ball material, and then Cherenkov radiation is to be generated. 

The peculiarities in total radiation at different harmonics due to the inhuence of matter 
and radius of ball have been investigated theoretically. It was shown that in case of weak 
absorption (e^, << ) at some harmonics with k >> 1, the electron may generate ~ 1 

(see (EHD) quanta of electromagnetic held during one rotation period. This value is more 
than 30-fold greater than the similar value of for an electron rotating in a continuous, 
inhnite and transparent medium having the same permittivity as a real part of that for 
the ball material. 

The emission of such a high power radiation is possible only when the ratio of ball 
radius to that of an electron orbit takes on a series of hxed values and the Cherenkov 
condition (isnD for the speed of particle ’’image” on the ball surface and the ball material 
is satished. New characteristic features and visual explanation of the phenomenon will be 
given in forthcoming papers. 
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